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a b s t r a c t

The influence of the host-crystal deformation on the acceptor wave-function in a cubic crystal is
considered. The calculations are based on the numerical solution of the Luttinger Hamiltonian for a hole
in a complex valence band. The deformation is taken into account using Bir-Pikus Hamiltonian for the
deformation. The results can be used for the interpretation of the STM images in strained cubic crystals.

© 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The ability of the spatial density visualization using scanning
tunnelmicroscopy (STM) give rise to theoretical calculations of the
acceptors ground state wave-functions in cubic semiconductors. It
is known that an acceptor ground state in such semiconductors
is four fold degenerated and has the Γ8 symmetry. The high
degeneracy leads to the high sensibility of this state to an external
influence and gives an opportunity to investigate the symmetry of
the acceptor surrounding. The recent studies of Mn in GaAs show
the possibility of the visualization of these states [1,2]. The donor
states in the direct-gap semiconductors are not so interesting in
this respect, but donors in the multi-valley semiconductors such
as Si or Ge should be sensitive to an external influence.

The acceptor ground state calculations have been provided both
in the tight-binding model [3,4] and effective mass approxima-
tion [5]. The qualitative agreement between the results of these
calculations and experimental STM images shows that both ap-
proaches describe experimental data well, although the initial
equations are quite different.

The acceptor ground state sensitivity to external fields allows
one to investigate not only the symmetry of the ground state
of a single acceptor in a crystal itself but also reveals how the
symmetry changes in a deformation field. This situation takes place
when the acceptor appears to be near to a quantum dot where a
deformation field exists due to the lattice mismatch between the
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dot and the host matrix. Generally speaking, this deformation field
is inhomogeneous and, with the latticemismatch that can be a few
percents, the deformation in this area is very large and can hardly
be achieved by other methods yet. Since the characteristic length
for the deformation to change sufficiently is about the dot size,
and the acceptor wave-function size for a deep enough acceptor
is smaller, this deformation can be considered as uniform “from
the acceptor point of view”. On the other hand, the deformation
depends on the relative position of the dot and impurity. So,
the problem of the acceptor wave-function calculation in a cubic
crystal with a uniform deformation arises.

The goal of this work is to provide this calculation using the ef-
fectivemass approximation. It will be shown how the deformation
affects the density distribution. Some images compatible with the
STM images will be presented.

2. Theoretical background

In the effective mass approximation, which describes well the
Mn0 states in GaAs, the acceptor wave function is an eigenfunction
of the operator

H = HL + VA + HBP, (1)

where HL is a Luttinger Hamiltonian for Γ8 cubically symmetric
valence band:

HL =

(
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)
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, (2)

HBP is the Bir-Pikus Hamiltonian that takes into account the
influence of the deformation tensor εij on the binding energy and
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wave function of a hole bounded on an acceptor

HBP =

(
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)
ε− b

∑
i

J2i εii −
2d
√
3

∑
j<i

{JiJj}εij, (3)

where ε = εxx+εyy+εzz and VA is the acceptor potential. The symbol
{AB} means AB + BA.

The potential VA is not known exactly. It is not a pure Coulomb
potential for a deep enough acceptor and it is necessary to choose
an appropriate model for it. In this paper we will consider two
models. The choice of these models is due to the fact that the
binding potential for a deep enough acceptor is known to be of
short range. So, one possibility is to use the zero-range potential
model.

This model was successively applied for the calculation of the
acceptor wave-function on Mn in undistorted GaAs, so one can
suppose that it will also work for the deformed GaAs crystal.

Another opportunity is to choose the short-range potential V =

−A e−r/α

r/α
as VA and choose A and α so that the ground state energy

and the localization radius fit the experimental data. This model is
also considered in the paper.

The uniform uniaxial deformation tensor in a cubic crystal can
be represented as

εii = P
(C11 + 2C12)n2i − C12

(C11 − C12)(C11 + 2C12)

εik = P
nink

2C44
i 6= k,

(4)

where i, k correspond to x, y, z; P is the mechanical pressure
determining thedeformation value; Cij are themodulus of elasticity
for the cubic crystal and ni are the components of the unit vector
along the deformation axis.

3. The zero-range potential model

The zero-range potential model describes quite well the states
of the deep acceptors in cubic semiconductors such as Ge, Si, GaAs
in the complex valence band. The main advantage of this method
for undistorted crystals is the simplicity of the calculations and
the exact consideration of the cubic symmetry of Hamiltonian.
The application of this method for the calculation of the density
distribution of the hole bound to an acceptor is described in [5].

It is possible to solve the problem for an arbitrary uniform
deformation using zero-range approximation for the Hamiltonian
(2) and (3), but it is necessary to provide thenumerical calculations,
the complexity of which is compatible with the numerical solution
of (2) and (3) with an arbitrary VA. For this reason we restrict
ourself to the consideration of the deformation along [111] axes
and the Bir-PikusHamiltonianwill be considered as a perturbation.
This consideration also has somemethodologicalmeaning because
it shows the restrictions of the perturbation theory for the
calculations of the density distribution.

For the [111] direction the deformation tensor (4) is:

εik = α

1 0 0
0 1 0
0 0 1

 + β

0 1 1
1 0 1
1 1 0

 , (5)

where α =
P

3(C11+2C12)
β =

P
6C44

.
The Hamiltonian HBP in this case is

HBP = aε


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1



+
dP

12C44


0 −1 + i i 0

−1 − i 0 0 i
−i 0 0 1 − i
0 −i 1 + i 0

 . (6)
It should be pointed out that there is no coefficient b from (4) in HBP

and the first term in (6) gives only the overall shift of energy and
does not affect the wave functions.

In the first order of the perturbation theory the wave functions
are ψk =

∑
i Ciψ

(0)
i (k), where ψ(0)

i are the four-component
spinors of the Hamiltonian (1) without deformation in the k-
representation. The explicit expression for ψ(0)

i was represented
in [5].

The coefficients Ci, can be derived from the equations
4∑

k=1
(VikCk − δikE) = 0,

where Vik are the matrix elements of the Hamiltonian (6). As well
as the dP

12C44
is a commonmultiplier in (6), the coefficients Ck do not

depend on a, b, d, P and elastic constants of a crystal, but of course
the energy splitting depends on them. So, Ck are the numbers,
which do not depend on any crystal constant.

The cutoff of the hole distribution along [110] plane is shown
in Fig. 1. The choice of the cut-off plane is related to the STM
experiments [1,2,6] in which the GaAs:Mn sample was cleaved
along this plane at some distance away from the Mn center.

Hence, in the first order of the perturbation theory, indefinitely
small deformation leads to the instantaneous reconstruction of
the hole density distribution and this distribution for [111]
deformation direction does not depend on any crystal constants
and the value of the deformation. This peculiarity of the first
order of the perturbation theory is due to the high symmetry
of the [111] direction in cubic crystals and it disappears for the
different directions. The next terms diminish the asymmetry of
the hole distribution. In this sense the distribution shown in
Fig. 1 is the highest possible modification of the wave functions
under the deformation. The more precise dependence of the hole-
distribution shape on the value of the deformation tensor is shown
in the next section.

4. Direct calculation of the hole density distribution

As it is mentioned above, the alternative way to calculate the
hole density distribution is the direct numerical solving of the
system of partial differential equations for (1), where the Yukava
potential is used as VA:

VA = −A
e−r/α

r/α
. (7)

The value α was chosen to be equal to 0.1 of the effective Bohr
radius and constant A was chosen so that in the undistorted
crystal the ground state energy is equal to 120 meV. This choice is
determined by the fact that we do not take into account the band
mixing between valence and other bands. So the binding energy
should be small compared to the energy distance between valence
and other bands. On the other hand, the binding energy should be
higher than that of a pure Coulomb center (30 meV for GaAs). Our
choice is approximately equal to the binding energy of the Mn in
GaAs.

The deformation tensor was approximated by (4). We used the
zero boundary conditions on the borders of a cube or a sphere
which is large enough. It was checked that there is almost no
change in solutionswith enlarging or shape changing of the border.
The calculations were performed for different directions of the
deformation. The numerical solutions were obtained by using the
Comsol program package [7].

In Fig. 2 the hole density distribution in the [110] plane for the
uniform deformation directed along [111] for different values of
P is shown. The regular calculations show that in contrast to the
perturbation theory results, the hole density distribution for the
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Fig. 1. The hole density distribution in [110] plane for unstrained crystal (left) and for uniaxial strain along [111] direction (right), calculated by zero-range potential
approximation. A similar figure was published in [6].

Fig. 2. The hole-density distribution in [110] plane with the deformation occurs along the [111] axis and for different loads. Line shows the projection of the deformation
axis on the [110] plane.
ground state depends on the value of P and crystal parameters. For
small P one can hardly distinguish it from the undistorted case,
which coincides well with the zero-range potential calculations
without deformation. It should be noticed that the energy splitting
value for the ground state under the deformation derived from (2)
and (3) and from the perturbation theory are in a good agreement
with each other for small enough P.

In Fig. 3 the hole density distributions in the [110] plane for
the uniform deformation directed along [100], [110] and [11

√
2]

are shown. The last axis fits no crystallographic direction. Also it
was found that for small deformations the result coincide with the
hole density distribution for undeformed crystal; only the results
for P = 100 000 kg/cm2 are represented. The symmetry of the
images is in a good agreementwith the group theory consideration.
The initial undistorted distribution has C2v symmetry in the [110]
plane. When deformation applied along [100] or [110] direction
the C2v symmetry transferred to Cs and for deformation along [111]
or [11

√
2] there is no symmetry at all.

The experimentally obtainable uniaxial deformations produced
by external pressure are restricted by the mechanical strength
of a crystal. For GaAs this pressure is about 10 000 kg/cm2.
Such a deformation results in the photoluminescence polarization
saturation at low temperatures [8], but our calculations show
that it does not affect the hole density distribution. The STM
measurements reveal the modification of the hole density
distribution near the quantum dot [6] that means that the
deformation near this quantum dot is very high.

5. Conclusion

It has been shown that the spacial density distribution along
with the ground state energy splitting is sensitive to the external
or internal elastic strain. The images in Fig. 2 are in the qualitative
agreement with the experimental data [6], but it should be noticed
that there is no strict correspondence between the shape of the
hole density distribution and the deformation tensor. For example,
the deformation tensor

εxx = εyy = εzz = 0 εxy = εxz = εyz = const,

gives the same result as (6) for the hole density, although this
tensor is not a tensor of the uniaxial deformation. So, for the
accurate comparison of the calculated and the experimental
images, it is necessary to calculate or measure the deformation
field independently. Our calculations show that the hole density
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Fig. 3. The hole-density distribution in [110] plane for different deformation axis and a load of ±100 000. The first column — [100] deformation axis, the second — [110],
the third — [11

√
2]; the first row — the load is 100000, the second — the load is −100 000 kg/cm2 . Lines show the projection of the deformation axis on the [110] plane (the

[110] axis is perpendicular to the plane).
distribution becomes sufficient enough to be distinguished in the
STM images when the deformation is about 1%.

We would like to point out that even when the energy splitting
is small compared to the acceptor ground state energy and this
splitting can be described by the first-order perturbation theory,
the wave functions can not be described by it. In this sense the
hole density distribution calculated by the first-order perturbation
theory corresponds to the maximum possible modification of the
hole distribution under stress. So, for the quantitative analysis of
the STM data one needs to use the accurate calculations of the
acceptor wave function.

Nevertheless this paper shows the possibility of the qualitative
understanding of the strain field near the quantum dot or other
center of the stress using the STM imaging of the impurities located
near the center.
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